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I. INTRODUCTION 
The induced potential or interface problem of classical potential theory may 
be described as the problem of finding solutions of the elliptic partial dif- 
ferential equation V * (uVU) = 0 in the limiting case of piecewise constant 
u(P). The term induced potential, suggested by an electrostatic formulation 
in terms of the potential of charges induced on a surface of discontinuity 
in the electrical conductivity of a medium by an external field, was suggested 
by Birkhoff [l] who also listed a number of other important physical inter- 
pretations of this problem. It is clear from the equation (1) below that this 
problem includes the interior and exterior Neumann problems with respect 
to the surface of discontinuity, as limiting cases. 
Suppose that o = (ri in the region R interior to a smooth, finite surface 
S and that a = us # ui in the region R’ outside S. The problem may then 
be formulated as follows: The combined potential u(P) = $(P) + V(P) 
consisting of the potential #(P) f o an applied or external field plus the 
potential I’(P) of the induced field is required to satisfy the condition 
a,&/& I+ = o&/an /_ on S, where n is the inward-drawn normal to S and 
the subscripts +, - denote limiting values as S is approached, along the 
normal, from positive and negative sides respectively, as determined by 12. 
With h = (ui - ~,)/(a, + us) the discontinuity condition may be written 
This condition, together with the requirements that V be harmonic through- 
out R and R’ and regular at infinity, completely determines V. The applied 
field is regarded as given, although the problem has been generalized (see 
Phillips [2]) by specifying the potential # as the solution of some boundary- 
value problem with respect to a second smooth surface C disjoint from S. 
The case in which S is the surface of the unit sphere has been considered 
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by Power [3], among others. Following his approach to the problem, we may 
define the surface spherical harmonics 
s,(& (6) = j, ?$ p&OS a) dS, 
where (r, 8,4) are polar coordinates, 
cos 01 = cos 0 cos 19’ + sin 0 sin 0’ cos (4 - 4’) 
and Pm is the Legendre polynomial of degree m. Then, on the assumption 
that #(P) is harmonic in a neighborhood of S, it is easily deduced (see Kellogg 
[4] Ch. X, Section 4, p. 256) that the expansion 
with A, = 2m + 1, is uniformly convergent on S. We may construct the 
spherical harmonics 
(4) 
and seek V(P) as the sum of the series 
V(P) = i C,X,(P). 
0 
(5) 
The determination of the coefficients C, from the condition (1) is greatly 
expedited by the fact that 
ax, ax - -2 j an _ an + = h,s,(e, 4) =A, (2 /_ + 2 I+) (6) 
for all m. Substituting the series (3) and (5) into (I), and taking account of 
the properties (6) it may be deduced that 
This formal series may be partly summed, and replaced with one whose 
convergence may be proven by noting that, from (2) and (4) and the formulas 
given by Kellogg ([4] Ch. V, Section 4, p. 135) 
(8) 
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whence, finally, 
(9) 
The purposes of this paper are; (i) to briefly summarize known results 
relating to the existence of families of harmonic functions which are analog- 
ous, with respect to an arbitrary smooth, bounded surface, to the spherical 
harmonics, and (ii) to establish, as a new result, the absolute and uniform 
convergence of expansions, analogous to (9), of induced potentials in terms 
of these functions. 
Although the three-dimensional case only is considered here, it is clear 
that the arguments developed may also be applied to the induced potential 
problem in the plane. Moreover, the uniform convergence of two-dimensional 
expansions in fundamental functions throughout closed, bounded regions 
disjoint from S has been established by Blumenfeld and Mayer [7] and by 
Schiffer [8], who generalized the result to the case in which S consists of 
several disjoint closed curves so that R’ is multiply connected. The results 
of Blumenfeld and Mayer were extended by Howland [9], who established 
the theorem of part III of this paper in the two-dimensional case. 
II. POINCAR& FUNDAMENTAL FUNCTIONS 
When a solution of the induced potential problem is sought in the form 
of the potential of a surface distribution on S, the problem becomes the classic 
problem considered, in the case h = 1 by Robin [5], and in the general case, 
by PoincarC ([6] Ch. VII). C onsideration of this problem, and of the related 
“adjoint” problem of Neumann, in the light of the example afforded by the 
case of the sphere, led Poincare ([6] Ch. VI, especially p. 120) to conjecture 
the existence of a countable family of potentials V,(P) of surface distribu- 
tions, called fundamental functions, defined by densities pcLlc(p) on S and satis- 
fying the equation 
there for particular characteristic values h, . In the case of the sphere pk 
are surface spherical harmonics, Vk are spherical harmonics, and X, = 2k + 1 
with multiplicity 2K + 1. In case S is a coordinate surface in a system of 
coordinates in which the Laplace equation separates, the method of Fourier 
(separation of variables) will clearly furnish further examples of PoincarC 
fundamental functions. Generalized fundamental functions appropriate to 
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the generalized problem referred to above, may be considered which, besides 
the condition (10) on S, satisfy homogeneous boundary conditions in C, 
e.g., satisfy V,(P) = 0 on C in case t&P) is determined by its boundary 
values on C. 
When the surface S satisfies appropriate smoothness conditions, the prop- 
erties 
of the potential 
w> = j, Wd CL(Q) 6 (12) 
lead to the formulation of the condition (1) as a linear integral equation of 
Fredholm type for the density p(p) of V(P). Thus (I) is equivalent to 
(13) 
and the condition (10) characterizes the &J) as eigenfunctions of the kernel 
K(pq). This kernel is 
(14) 
where G(PQ) = l/2 vrpQ is the potential of a unit mass, or, in the case of the 
generalized problem, is that Green’s function for the region, interior or 
exterior to C, containing S, in terms of which the boundary-value problem 
for #(P) may be solved. The existence and uniqueness of solutions of the 
integral equations of the Robin-PoincarC and Neumann-PoincarC problems 
in the physically important case 1 h ) < 1 may be established with the aid 
of the theory of I. Fredholm [lo], [Ill. The results obtained are easily 
extended to the generalized problem [9]. 
The original discussion of the eigenvalue theory of the equation (13) is 
that of Blumenfeld and Mayer [7], who establish the existence of Poincare 
fundamental functions and prove the convergence of the analogue of (9), 
in the general case, throughout the regions R and R', but not on S itself 
([7], Section 8(b), p. 2038). Since K(pq) is unbounded as p -+ q and non- 
symmetric the eigenvalue problem requires special treatment. The basic 
fact is that K(pq) is symmetrizable on the left, in the sense of Marty ([12], 
[13]), by the positive symmetric kernel G. Using this fact, and the fact that 
the Fredholm resolvent of (13) . IS a meromorphic function of the parameter A, 
Blumenfeld and Mayer, following Marty, show that the Neumann series 
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solution of (13) has finite radius of convergence, whence the resolvent has a 
pole, located at an eigenvalue of K. Repetition of this argument leads to the 
existence of a countable spectrum of eigenvalues, each of finite multiplicity. 
A functional analytic treatment of the eigenvalue problem has been deve- 
loped in detail by Vaillancourt [14], and is based upon the fact that K2 is 
completely continuous on the prehilbert space, with L2 norm, of the functions 
which are continuous on S in the ordinary sense; thus K satisfies the Fredholm 
alternative.’ Then, arguments due to Reid [16] are applied to show that the 
supremum of the ratio (CL, GKp)/(p, Gp) is, in fact, the reciprocal of an 
eigenvalue of K and that the associated eigenfunction is continuous. Repeti- 
tion of this process again leads to the existence of a countable spectrum of 
eigenvalues. 
The results of the eigenvalue theory of K are simply expressed by intro- 
ducing the scalar product 
[f* gl = (5 W = j, I, G(Mf(p) g(q) dS, dS, 
in the space of continuous functions on S. For, when p(p) is continuous, 
Green’s Theorem plus the properties (11) of potentials of surface distribu- 
tions lead to the result that the Dirichlet integral D[L’] of V(P), over R and R’, 
may be written D[lr] = [JL, ~1 w h ence the positive character of this symmetric 
bilinear functional is established (see Gunther [17], III, Section 6, p. 108). 
With respect to this scalar product the operator K is symmetric, and its 
eigenfunctions pcLk are orthogonal, so that they may be chosen such that 
The Fourier coefficients of a continuous functionf(p) are 
fj = [f, &I = (f, VA 
These coefficients satisfy the Bessel inequality 
[f,f 1 3 Cfj” 
and the Hilbert bilinear expansion 
[Kf, g] z-z cf& 
xj ’ 
1 Garabedian ([15] Ch. 10, Section 1, pp. 359-361 and Section 2) considers iterated 
kernels and uses the fact that K is completely continuous on the Hilbert space L2 on S 
to establish the existence of a solution of (13) in the case X = 1. 
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which follows from the maximum principle 
III. THE EXPANSION THEOREM 
The problem of series expansion of induced potentials in Poincare fun- 
damental functions, and, in particular, in separated solutions of the Laplace 
equation, may now be approached from the vantage point of the eigenvalue 
theory of the equation (13). The following theorem will be proven: 
THEOREM. Suppose that S is a closed, bounded, smooth2 surface. 
Let V,(P) be the Poincare’fundamental functions with respect to S, and A, 
be the associated eigenvabes. 
Then the series 
is uniformly and absolutely convergent everywhere, and defines a solution V(P) 
of the induced potential problem with respect to S with parameter h and given 
external potential *(P). 
The proof of this theorem depends upon the following lemmas: 
LEMMA 1. Let p E S. Then, the series 
is convergent, and its sum is uniformly bounded by a positive constant B 
independent of p. 
PROOF OF LEMMA 1. Consider the kernel 
GKK(pd = is G(P) K’2’(r, q) dS, 
zzz 
IS 
G(PY) Qs) Wq) ds, dss 
s s 
r A surface satisfying the conditions detailed by Kellogg ([4], VI, Section 4, p. 157) 
will be called smooth. These assumptions assure the validity of the properties (11) 
uniformly on S, and make possible the application of Green’s formula, particularly 
in the definition of the scalar product [f, g] in terms of the Dirichlet integral. A smooth 
surface satisfies the three conditions of Liapounoff (Gunther [17], p. 1) with h = 1. 
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formed by the composition of G, on the left, with the second iterate 
of K. 
Since G and K have identical behavior as p -+ q, it follows that GKK has 
continuity properties comparable to those of the third iterate K3 of K. 
Since Kc3)(pq) is a continuous function of p and q on S,3 it follows that 
GKK(p,p) is finite and continuous, whence uniformly bounded, on S. Let 
I GKK(PP) I < 4 p E s. 
Moreover, since GK is symmetric 
GKK(pq) = j j G(4 K(~P) K(sq) dS, dS, . 
s s 
Now, GKK(p, p) > 0 for all p E S. For, if GKK(p,p,) < 0 for some 
p. E S, there would exist a neighborhood u of p, on S and a constant 6 > 0 
such that 
GKK(Pq) < - 6 whenever p ~a, q EU. 
Moreover, there exists a function f(p), defined and continuous for 
YES, such that O<f(p)<l andf(p,)=l,f(p)=O forpES---a 
(Dieudonne [19], p. 86, No. (4.5.2)). Let 
+(P) = j, K(Pq)f(d dS, 
be the transform, by K, off and consider the potential 
W’) = j, WV W 6 - 
Clearly 
WI = j, j, W-4 W 4(s) dSa dS, 
zrz 
II s s GKK(pq)f(p)f(q)dS,dS, 
= 
J-s GKK(pq)f(p)f(q)dS,dS, 0 0 
< - 6 [ jf ($9 d&,]’ -=c 0. 
But D[@] > 0, whence GKK(p, p) > 0 for all p E S. 
s This fact is established by Kellogg ([4], p. 301), and also follows from the general 
theorem proven by Petrovskii ([18], Ch. 1, Section 8, p. 29). It is dependent upon the 
fact that S satisfies the second condition of Liapounoff with constant A = 1 (Gunther 
[ITJ, IV, Section 4, especially p. 156). 
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Similarly, the kernels 
L,(pq) = GKK(pq) - f v’(p$vi(q); m = 1,2, 3 -*. 
1 
also have the property that L&I, p) > 0. For, as before, if L,(psp,J < 0, then 
But 
il JLn(Pdf(P)f(!d d% 6 < 0. s s 
ss L&df(p)f(d dS, dst,  s 
zzz u [ GKK(pq) s s - ‘f 1 ‘,“; ,2vi(q) ] f(p) f (q) dS, dS, z 
. 
= II GKK(pq)f(p)f(q) dS Lv s s dS, - 2 fi” > 0 1 Xi2 
by Bessel’s inequality applied to 4(p). Thus 





This lemma is related to a result obtained by Mercer ([20], Section 7, 
p. 409). For, it is clear that GKK(pq) is a symmetrizing kernel for K and that 
it is not necessary to make Mercer’s assumption that K(pq) be bounded and 
continuous. Following Mercer’s argument, it becomes clear that 
GKK(pq) = c “(‘;,F(‘) , 
t 
although this fact is not required here. 
LEMMA 2. Let V(P) be the potential of a surface distribution whose density 
p may be represented in the form p = Kf for a continuous function f. 
Then, V(P) may be written as the sum of the absolutely and uniformly con- 
vergent series 
V(P) = c g V,(P), 
z 
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where 
fi = Ssf(P) ‘i(P) dSP * 
PROOF OF LEMMA 2. Let p E S. Define 
then 
Since, by Bessel’s inequality (15), 2 f? is convergent it is seen that the given 
series is absolutely and uniformly convergent to a continuous limit. 
Define g(p) by the equation 
then 
or 
(GKf, g) = (g, g) + f f* 1 Ai ’ 
whence, from the bilinear formula (16) and the fact that g(p) is continuous, 
it follows that g = 0. Thus 
Since potentials of surface distributions are all regular at infinity (Kellogg 
[4], p. 217), the convergence of this series throughout R and R' follows from 
Harnack’s Theorem. (Kellogg [4], pp. 248-249). Thus 
q.e.d. 
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PROOF CF THECREM. From the integral equation (13) the solution V(P) 
of the induced potential problem is defined by 
V(P) = h j G(Q) g dS + h j- 1 G(Q) K(p) /L(Y) dS, dS, 
S s s 
Now, the second term on the r.h.s. may be expanded according to Lemma 2, 
thus 
V(f’)=h~sG(Pq)~dS+hij~ V,(P) * 
1 3 
But, from (13) 
so that, finally, 
co g, Vi) 
v(P) = X j W’q) $ dS + x2 2 Aj _ x 
V,(P). q.e.d. 
1 
An exactly analogous result may be established in the two-dimensional 
case. 
Expansion of the first term in (17) would give rise to a series analogous 
to (7), obtained without further manipulation from the separated solutions. 
Blumenfeld and Mayer have shown that the series [VK(P)lz is uniformly 
convergent throughout any closed region not containing points of S, and 
from this fact it follows that the series 
j G(Q) ?j$ dS - c (g, h) v,(p) (18) 
is convergent in any such region. Convergence on S, however, does not 
appear to have been established in the general case. In any event, Blumenfeld 
and Mayer ([7], Section 9, p. 2043) g ive an example of a plane curve S with 
respect to which the system of eigenfunctions is not closed, so that there exist 
nonzero continuous functions f(p) for which all (f, Vi) = 0. In such a 
case, the sum of the series in (18) need not equal the potential on the 1.h.s. 
Thus the expansion (17), valid in every case, and everywhere convergent, 
would seem to be the more natural expression for the solution of the induced 
potential problem. 
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